Some of the most well-celebrated constructions of metastable de Sitter vacua from string theory, such as the KKLT proposal, involve the interplay of gaugino condensation on a D7-brane stack and an uplift by a positive tension object. These constructions have recently been challenged using arguments that rely on the trace-reversed and integrated 10d Einstein equation. We give a critical assessment of such concerns. We first relate an integrated 10d Einstein equation to the extremization condition for a 10d-derived 4d effective potential. Then we argue how to obtain the latter from a 10d action which incorporates gaugino condensation in a (recently proposed) manifestly finite, perfectsquare form. This effective potential is consistent with 4d supergravity and does not present obstacles for an uplifted minimum. Moreover, within standard approximations, we understand the uplift explicitly in one of the popular versions of the integrated 10d equation. Our conclusion is that de Sitter constructions of the KKLT type cannot be dismissed simply based on the integrated 10d equations considered so far.
Introduction
To establish convincingly that string theory may provide metastable de Sitter vacua remains an important challenge. While seminal ideas to construct such vacua have been proposed (the leading candidates being [1, 2] ), attempts for explicit constructions vary in their levels of details. It is fair to say that a fully explicit de Sitter vacuum in string theory remains much to be desired. Even though the ingredients used seem reasonable, the devil may be in the details of implementing them in concrete string compactifications. With recent Swampland conjectures questioning the existence of controlled de Sitter vacua on general grounds [3, 4] 1 , this task becomes even more pressing.
The goal of this paper is simple. Using our recent proposal for a perfect-square structure of the 10d description of gaugino condensation [6] (see also [7] ), we give a critical assessment of the concerns about the KKLT construction raised in [8] and discussed further in [9] . (For more on the debate about de Sitter vacua in string theory, see e.g. .) Concretely, our approach involves the following conceptually simple steps:
First, we note that one of the main pillars of the criticism raised in [8] is an analysis (in the spirit of the Maldacena-Nunez no-go theorem [33] ) of the integrated trace-reversed 10d Einstein equation. We begin by arguing that (a generic version of) the trace-reversed integrated Einstein equation is equivalent to the condition that an appropriately defined 4d effective potential is extremized. The 4d curvature is then determined, in a very conventional way, by the value of this 4d potential at the extremum. This is indeed not surprising since, by tracing the 10d Einstein equations and integrating them over the compact space, one basically limits the attention to the extremization in two variables: the 4d and the 6d scale factors. The corresponding equations of motion are just the Einstein equation for the 4d curvature scalar and the extremality of the compactification with respect to the total volume [34] .
Thus, we are left with the task of extremizing the 4d effective potential. To keep the spirit of doing everything explicitly from an ultraviolet completion point of view, we would not take the 4d supergravity formula for this potential in [1] for granted. Instead, we obtain this potential (the '10d-derived 4d effective potential') by integrating the 10d action including the gaugino condensate [35, 36] , its coupling to the 3-form flux [37] [38] [39] [40] [41] [42] and the uplifting positive-tension brane over the compact space. We do so using the results of GKP [43] , including the warping effects required for the leading-order no-scale structure, and the perfect-square-type gaugino condensate term of [6] (motivated by related structures in M-theory [44] [45] [46] [47] [48] ). The latter is particularly crucial as it is free of the UV regularization dependence that plagued the analysis of [8, 9] . This perfectsquare structure is also consistent with known 4d and 10d SUSY constraints, especially the quartic gaugino term (see [7] for a discussion and more references). Through these procedures, we find a potential that agrees with the 4d SUGRA expectations.
We go on to use a slightly different form of the integrated trace-reversed 10d Einstein equations (the one arising after implementation of the 5-form Bianchi identity) [8, 9, 43, 49] to check for the uplift explicitly. Within standard approximations and using our perfectsquare form of the gaugino-condensate term, we find agreement with the previously obtained positive potential. Thus, the variants of the integrated trace-reversed 10d Einstein equations considered so far (equivalently, the '10d derived 4d effective potential') pose no obstructions to a de Sitter uplift.
Of course, this type of analysis does not replace a full 10d solution. In fact, it is not obvious with which degree of explicitness the latter can be obtained (although an existence proof may be a realistic goal for the future) 2 . However, what we have achieved independently of such a full solution is the clear demonstration that one cannot dismiss KKLT on the basis of a simplified argument using just the known forms of integrated trace-reversed equations: The latter are consistent with the 4d effective approach (as defined in the text) and this, in turn, is consistent with known 4d SUGRA results. Thus, in absence of a fully explicit 10d solution, KKLT appears to survive the level of scrutiny that can so far be implemented.
2 The 10d and the 4d approaches to 4d curvature.
General setting
Two approaches can be taken to obtain the value of the on-shell 4d curvature R 4 of string compactifications. From a 4d effective point of view, as is standard, one finds the minimum V 0 of the potential for the moduli fields, and plugs its value into the 4d tracereversed Einstein equations, from which one immediately reads R 4 = 4V 0 . Alternatively, one can use the 10d trace-reversed Einstein equations directly in the higher-dimensional theory and take the trace over its non-compact components to obtain R 4 [33, 49] . Of course, both approaches should lead to the same result [34, 51, 52] .
It will be useful for the rest of our paper to explicitly derive this equivalence in a generic, warped setting (see also the more detailed treatment of [34] ). We start with the (4 + n)-dimensional action
The metric G takes the warped form
where η µν is a maximally symmetric 4d metric independent of y, and g mn is a generic n-dimensional metric. It is easy to separate from the total warped curvature R G the unwarped 4d one R η . In fact, one can see that [33] :
where R (n)
The last term clearly does not contribute to the action. Hence, (1) becomes
One can then integrate over the inner space to obtain the 4d action
where we have defined the 'inner volume'
The 4d equations
In a homogeneous background, the 4d Einstein equations derived from (5) lead to
The second 4d equation that we need comes from the extremization of the action with respect to scalings of the inner metric g mn . If we denote the corresponding length-scale modulus by R, the requirement that the 4d action is extremized in R then reads 3
Here V 4 is the 10d-derived 4d effective potential in Einstein-Frame, which is explicitly given by the right hand side of (7), after division by 4V 2 n . The extremization condition in R or g mn can be written as
We want to show that eq. (7), evaluated at a solution of (9), results in a curvature that can also be obtained from the (traced) (4 + n)-dimensional trace-reversed Einstein equations. For that, we will find it useful to combine (7) and (9) in an expression where R (n) G does not appear:
Let us stress that this last expression holds only on-shell, i.e. when evaluated at a solution of (9).
3 Notice that R does not have to coincide with the flat direction, usually denoted by T , in GKP-type compactifications. While R corresponds to scalings of g mn only, T involves simultaneous rescalings of the warp factor Ω. Of course, both the equations of motion for T and for R should be satisfied on-shell. In other words, strictly speaking V 4 = V 4 (R, T ) and is stationary in both variables in case of a solution. The difference between R and T is significant only when contributions are localized to strongly warped regions where Ω ≪ 1, in particular for D3 branes in the KKLT scenario.
10d equation
Instead of dimensionally reducing to 4d, one can study the curvature using directly the higher-dimensional Einstein equations. Their trace-reversed version in (4+n)-dimensions reads
Tracing this over the non-compact components one finds
where
In the first line we used the fact that in a homogeneous background, the Lagrangian does not have a non-trivial tensor structure in the non-compact direction. The definition of the energy momentum tensor is
The combination appearing on the right hand side of (12) is
As before, the curvature term on the left hand side of (12) can be expressed in terms of R η :
Since the last term vanishes upon integration over the internal space, we may rewrite (12) in the form
But this is precisely the same as (10) , which we obtained previously by combining the 4d Einstein equations and the equation of motion for the volume modulus. This confirms [34, 51, 52] that the 10d and 4d approaches are equivalent in determining the on-shell 4d curvature R η . 4
The 10d approach has often been used to provide no-go theorems for the construction of de Sitter vacua in string theory [33] . A popular way of writing (17) in this approach is roughly as
Here we have set n = 6, as appropriate for the Calabi-Yau case, but maintained the convention M P, 10 = 1 for simplicity. As before, the internal volume V is defined with a factor Ω 2 under the integral (6), but we keep the generic notation V. Indeed, volume integrals are always dominated by the unwarped region (Ω ≃ 1) and for our leading order analysis it will never be of importance with which factor of Ω a volume integral is calculated in any particular equation.
A slight variation of this relation (representing conceptually still the same physics) can be derived in the context of type IIB compactifications. It has in particular been used in [8, 9] to argue against uplifting to de Sitter:
Here G − 3 is the imaginary anti-selfdual part of the complexified 3-form flux, Φ − = Ω 4 − α is a particular combination of the warp factor and the 4-form potential (F 5 = (1 + * ) dα∧ d Vol 4 ), and a, b are numerical coefficients. Furthermore, ∆ other is built, in analogy to ∆ of (18), from the energy momentum tensor of other contributions. Those are in particular terms involving the gaugino-condensate and the D3-branes required for the uplift. Now, the arguments of [8, 9] go roughly as follows: The first two terms on the right hand side of (19) are mainfestly non-positive and, in fact, exactly zero before gaugino condensation. Hence, in the case of an AdS vacuum based on a gaugino condensate, the last term is expected to be negative as it represents the main new effect (more in Section 3.2). Adding an D3 brane as an uplift, one naively does not expect to achieve de Sitter since (as one easily checks) an anti-brane with its localised positive energy density contributes positively to ∆ other . The potentially negative change of ∆ other from the backteaction of the D3 on the gaugino condensate was argued to be not strong enough.
We will argue the opposite using both forms of the integrated 10d Einstein equation. Indeed, since we showed that (18) is equivalent to the 4d potential-energy-based analysis, this implies that if we can rederive the KKLT energetics from 10d, then the change of ∆ induced by the gaugino condensate (backreacting to the D3 brane) must be strong enough to provide de Sitter. In addition, we will use (19) to calculate the 4d curvature explicitly from ∆. We will also explain in some detail the differences between the two forms of the integrated 10d Einstein equation. While (18) is more suitable for showing the equivalence of the 10d and 4d approaches, we will discuss why (19) is more easily usable for an explicit consistency check in the strongly warped case.
Following the outline given above, in the next section we will derive (without using 4d supergravity) the 4d effective theory of the KKLT construction starting from a 10d theory, in particular making use of the quartic gaugino action previously proposed by us.
3 Deriving the 4d effective potential from 10d 3.1 Including the gaugino terms in the 10d action Following [43] , our starting point is the type IIB action in the 10d Einstein frame:
Here S loc is the action of localized objects (D-branes and O-planes). Fermions will mostly be irrelevant and have been suppressed. However, crucially, the D7-brane gauginos will play a central role and have to be included. We write their action in shorthand, focussing on the interaction between gauginos and 3-form flux:
Now, the key proposal of [6] is that the |G 3 | 3 term, the G 3 λλ term and the gaugino quartic term combine in total square form, as expected from the heterotic case. Concretely, the proposal reads
where we have absorbed the gaugino kinetic term in S loc for ease of notation. Here P is a projection operator on closed forms. Making use of the uniqueness of the Hodge decomposition into harmonic, exact and coexact piece, it removes the coexact contribution (the harmonic piece, which is also closed, being preserved as well). Explicitly, following the torus example discussed in detail in [6] , one has
In other words, the harmonic part is proportional to Ω 3 (see Appendix) and suppressed by the brane-transverse volume A ∼ V/V D7 . The latter is required by the corresponding scaling of the δ-function δ D7 .
Furthermore, we allow for some 3-form flux to be present in the background. In other words, we let
where G (0) 3 is the standard combination of integer, harmonic F 3 and H 3 forms representing the flux and δG 3 is trivial in cohomology. Restricting ourselves to gaugino zero modes, such that λλ is a constant prefactor, and using (23) and (24) in (22), one obtains
Here δG 3 has adjusted to cancel the exact piece of (23) , such that only the harmonic flux part G
3 and the gaugino-induced contribution ∼ Ω 3 are left inside the total square. The field strength G 3 in the first line should be understood as the on-shell value of (24). We do not write it explicitly in order to avoid the complicated expression.
Next, we appeal to GKP [43] to claim that, if the gaugino condensate vanishes ( λλ = 0), the action of (25) leads to an identically vanishing 4d effective potential. Macroscopically, this is simply a result of the no-scale structure of the Kahler moduli Kahler potential. As a consequence, if one allows for a non-zero gaugino condensate, then the 4d effective potential will follow from (25) , restricted to the terms which involve λλ:
Before turning this into a 4d effective potential, we insert a brief subsection justifying the last step. 
Treatment of G
Integrating over the internal space, we can get
For a D3, D7 and O3 system, this cancels the tension terms at the leading order of α ′ . 5
This is, however, not the end of the story: The background flux G as well as a non-trivial F 5 -form field strength. It is one of the central and widely known results of [43] that all these effects combine in just the right way to allow for a solution of the 10d Einstein equations. In our context this means that the corresponding terms in (25) are locally non-zero but vanish upon integration over the compact space. We emphasize in particular that non-zero warping is essential to allow for a separation between the positive and negative tension sources in 10d. Thus, when going from (25) to (26), we do not neglect warping but make use of the result of [43] which shows that its integral effect vanishes.
However, since we are aiming at the value of the 4d effective potential in a minimum, corresponding to a 10d solution, we have to be concerned about additional internal-space curvature effects and the backreaction of other fields induced by a non-zero value of the λλ terms in (25) . Similar effects can come from the D3 uplift to be included below. To convince ourselves that they are negligible, we rewrite (25) symbolically as
see also (3) . Furthermore, we parameterize the metric as
where η is the maximally symmetric (AdS, dS or Minkowski) 4d metric, Ω is the warp factor (normalized to unity in the bulk), V the compact volume 6 and g the internal metric normalised to unit volume. We know from GKP that a solution with R µ µ = 0 exists for δL = 0. Now we turn on a perturbation which we call δL corresponding to new terms in the lagrangian involving λλ or the D3 brane or both. Crucially, by δL we mean not the total change of the lagrangian but only the new, explicitly added terms (after the naive UV divergences introduced by the gaugino condensate are regulated in L). We assume that a new, modified solution exists.
Most naively, the new solution will be characterized by a new, in general non-zero 4d curvature R η and hence a non-zero integral of R µ µ . By the 4d Einstein equations, this perturbation of the old, vanishing R µ µ is linear in δL. Our proposal is to calculate the 4d curvature by using just δL on the r.h. side of the 4d Einstein equations, i.e. without worrying about any possible effect from a modified R m m or L in (29) . To justify this, we will argue that these effects are O(δL 2 ).
Any modification of the R m m and L must come from the perturbations δη, δV, δΩ and δg, each of which is linear in δL. First, δη is irrelevant since it appears only as a prefactor and the integral over R m m + L was zero originally, as we know from GKP. Second, V is a modulus to begin with and we can hence set δV = 0 by choosing which solution we consider to be the unperturbed one. Thus, we only have to deal with δΩ and δg and their effect on S. The two quantities Ω and g are fixed to start with. In other words, by the stationarity of the action on the GKP solution, S is quadratic in perturbations δΩ and δg at δL = 0. Turning on a small perturbation δL, they react linearly, δΩ ∼ δg ∼ δL. Hence, in the variation of the action induced by δL, their effect is subleading:
This ends our excursion aimed at justifying (26) . We emphasize again that the same argument justifies our analogous treatment of the D3 potential (without backreaction effects) further down.
Two important remarks can be made at this point: First, if the perturbation is not localized in a strongly warped region, then we may assume R m m = 0 which is moreover a (Calabi-Yau) solution to the matter-free Einstein equations. It is thus by itself quadratic in δg and δΩ. The argument above then shows that L is also by itself quadratic in δg and δΩ. One may hence calculate the crucial quantity ∆ from δL alone.
Second, by contrast to the above, if a perturbation δL is localized in a strongly warped region, then only the combination (R m m + L) is stationary and hence quadratic in δL. But ∆ is calculated from the lagrangian alone and thus it is not clear that one may disregard backreation when calculating it in a perturbed situation. This is the reason that further down, in Sect. 4.3, it will be advantageous to use the version (19) rather than (18) of the integrated Einstein equations to work out the 4d curvature explicitly. Indeed, in (19) the backreaction effects are automatically subleading since the first two terms under the integral are quadratic in the fields and zero in the GKP solution.
Finally, one may use a trick to circumvent the problem above and still obtain the 4d curvature from (18) , even in the case of an uplifting D3 in a warped throat: One may simply view the warped throat as a confining 4d gauge theory localized in an otherwise unwarped Calai-Yau. The warping, including the nontrivial dependence of the warping on the volume modulus, is then encoded in an ad-hoc numerical prefactor and an ad-hoc T -dependence of the uplifting energy momentum tensor. It turns out that the operator T (∂/∂T ) − 1 generating ∆ (cf. (46) ) exactly annihilates the D3 action which then does not contribute to ∆. This corresponds, in the approach of (18), to the Ω 8 suppression of strongly warped regions present in (19) . These comment will become more transparent after the discussion of Sect. 4.
4d scalar potential before the uplifting
We now continue by integrating (26) over the compact space, rescaling the 4d metric to go to the 4d Einstein frame, and rescaling the gauginos to comply with standard SUSY normalization. The result does not change qualitatively compared to the toroidal toy model analysed in [6] (cf. Eq. (44) therein):
Here W 0 ≡ G (0) 3 , Ω 3 and we reinstated the gravity, gauge and gaugino kinetic terms, which were not part of (26) . We have also rescaled Ω 3 to be independent of the volume, such that W 0 is only a function of the (by now stabilized) complex structure moduli. Moreover, we are focussing on models with a single Kahler modulus, such that T ∼ V D7 ∼ V 2/3 and A ∼ V/V D7 ∼ √ T . All O(1) factors have been suppressed.
Crucially, we are implicitly integrating out the axion that comes with T using the same logic as [1] . To be precise, the complex superfield τ is τ = T + ic with c a C 4 axion. This axion appears in an exp(iac) prefactor with the last term of (32) and it is stabilised in a way that minimises the corresponding contribution to the potential. The net effect of this is equivalent to choosing the VEVs of λλ and W 0 to be real and positive and ignoring the axion. This is what we do from now on.
We now explicitly assume that the gaugino bilinear develops a VEV and write down the corresponding potential:
The vacuum expectation value is [53, 54] λλ ∼ √ g s
with a = 2π/N for an SU(N) gauge group. The non-exponential prefactor (which is not essential for the following analysis) is affected by the super-Weyl anomaly and the precise definition of the UV gauge coupling. The result is known to be consistent with supergravity formulae for the action, where the gaugino condensate is traded for a nonzero holomorphic W ∼ exp(−aτ ). With this, one finds
in structural agreement with the KKLT superpotential W = W 0 + Be −aτ with B = O(1) and the Kahler potential K = −3 ln(τ + τ ) at large volume. As is well known, this leads to a supersymmetric AdS minimum determined by the extremisation condition of (35):
where we need W 0 ≪ 1 to guarantee a controlled solution with T ≫ 1.
Adding D3-brane
The tension T 3 of an D3-brane contributes to the 10d action as
Placing this anti-brane in a strongly warped region, the contribution to the potential is suppressed by the fourth power of the warp factor Ω ≪ 1, cf. (2). Moreover, in the strongly warped regime the warping gets diluted with growing volume:
where K and M are the flux numbers [55] . This leads to the Einstein-frame effective potential
Here µ 3 is the warping-suppressed (T -independent) D3 tension and the factor 1/T 3 arose from the Weyl rescaling the 4d metric. We also included a factor of two arising from the interplay with the flux background. 7
The full potential now reads
with its minimum determined by the solution to
It is well-known and easily seen that, due to the steepness of the exponential functions responsible for the original AdS minimum, the last terms can act as an 'uplift' for suitably small µ 3 . The value of T is now slightly larger than in the SUSY AdS minimum. In Sect. 4.3, we will see explicitly that this is consistent with the trace-reversed Einstein equation. This is of course already clear if one relies on the general analysis of Sect. 2.
Trace-reversed Einstein equation
In Sect. 2 we showed that computing the 4d scalar curvature R η from the 10d Einstein equations is equivalent to its computation directly from the 4d effective theory. We then obtained in Sect. 3 the 4d potential of KKLT starting from the action of type IIB string theory supplemented by the four-fermion localized gaugino interactions proposed in [6] .
In combination, these results should by themselves help dispel some of the doubts that have been recently raised about the validity of the KKLT scenario from a 10d treatment. 8 In the following, we supplement this discussion by computing R η in the KKLT scenario directly from the 10d Einstein equations. Although this is somewhat redundant, it may help clarify the origin and resolution of some of the mentioned criticisms. 7 Recall that, given a fixed D3 tadpole contribution, we would have to transform some of the flux into a D3 brane and let it annihilate with the present D3 to return to a SUSY Minkowski vacuum. Hence the energetic effect of the anti-brane is twice that of its tension. 8 Of course, we are not establishing in full the validity of KKLT. This remains an open and interesting issue. We are only addressing here a particular set of concerns.
Derivation of the on-shell potential from the trace-reversed Einstein equation
The 10d analysis of Sect. 2.3 showed that the on-shell 4d curvature R η follows from the 10d Einstein equations as
where we have introduced the common notation
Our goal is to display how different terms in the 10d action (22) contribute to ∆ and hence to the 4d curvature. This derivation is very well known for Minkowski compactifications where non-perturbative gaugino condensation and uplift terms (anti D-branes) are absent [43] . In this case, the integrated contributions to ∆ vanish exactly. As before, rather than reproducing the derivation from scratch, we take the setup of [43] as our starting point and consider perturbations induced by gaugino condensation and D3 branes. These will be assumed to be small. 9 The corrections would be sub-leading for quantities such as the complex structure of the compactification, which are stabilized in the GKP setup. Hence, we begin with
where ∆ λλ correspond to the terms including λλ , and ∆ other represents other sources such as D3-branes. 10 Notice that we are only interested in the integrated effect of ∆. It contains two terms: The first comes from the external components of the energy-momentum tensor and reads
The second involves the trace over the internal components, T m m , and measures the dependence of the action on the overall scaling of the inner metric:
9 Whether a perturbative treatment of such corrections is valid or not in concrete string compactifications is what the dS swampland conjecture questions. We do not attempt to solve this problem in this work. 10 As mentioned already in Sect. 2, different versions of this equation can be obtained by integrating with different powers of the warp factor. The difference becomes relevant only when contributions localized in strongly warped regions (namely D3-branes) exist and will be important in Sect. 4.3. Here S is the 10d action without the Einstein-Hilbert term and, as in Sect. 2, R denotes the overall scale of G mn . Putting these together we obtain
In the following, we compute the 4d curvature taking into account gaugino condensates and D3 branes.
Curvature before the uplifting
As a first step, let us study an AdS compactification with no D3 branes, where the 4d curvature arises solely from gaugino condensates. An important point to notice is that, since gaugino contributions are dominated by the unwarped region, factors of Ω are irrelevant and can be simply set to one. In fact, the parameter R and the standard modulus T are interchangeable in this situation.
The integrated contribution to ∆ λλ can be obtained from the 10d action (26): 11
W 0 was defined below (32) . We can now easily compute the (integrated) contributions to ∆ λλ from (46) (with R 4 → T ) and read off their effect on the 4d curvature:
The first line in this expression contains the contributions from T m m , as given by (45), while the second comes from T µ µ , eq. (44). In (48) we have included a dependence of the gaugino bilinear on the Kahler modulus T . While the introduction of a gaugino condensate inferred from 4d considerations into the 10d action is not a priori justified and may require further scrutiny, our goal is to find whether it leads to consistent results or not. Matching the 4d considerations from previous sections, we hence introduce the gaugino condensate λλ ≃ g 1/2 s T 3/4 e −aT , 12 and W 0 is defined below eq. (32). The resulting expression for the curvature is
Here, as in Sect. 3.3, we have taken W 0 to be real and positive. This result matches (35) in a subtle and interesting manner. Notice first that the last term in (49) is subleading in the large volume regime. However, the naively dominant term in brackets vanishes to leading order by the equations of motion (36) . In fact, it is very instructive to rewrite (49) as
where V λλ is precisely the 4d Einstein frame potential (35) . Of course, if there are no other contributions to the potential, the first term in the off-shell expression vanishes at the minimum and one recovers the on-shell value of the KKLT curvature, as explicitly written in the second line. Away from this minimum, however, even small shifts of T 0 will give a sizeable contribution to the first term coming from the derivatives acting on the exponential factors of V λλ . This is a consequence of the steepness of the potential, and is the key ingredient that permits D3-branes to uplift, as we discuss next.
dS uplifting using trace-reversed Einstein equations
We incorporate next the effect of D3-branes on warped throats in the previous setup to see how one can in principle obtain dS solutions. The contribution of D3-branes is, however, much more subtle since they localize in highly warped regions and factors of Ω become relevant. It is here where version (19) of the integrated Einstein equations becomes more useful:
As we argued, the bulk-dominated pieces in this equation (namely V and the gaugino term) are insensitive to which power of the warp factor Ω is inserted. Hence, they contribute exactly as in (49) . On the other hand, the D3-brane piece is highly suppressed by a factor of Ω 8 ≪ 1 and can be simply dropped. 13 One may naively think that, since the D3-brane makes no sizeable contribution to the curvature R η , adding it will not uplift the solution to dS. They key point, however, is that the D3, while not contributing significantly to (51) , does contribute to the equations of motion. This will induce a small shift in the value of T 0 that minimizes the total potential, but as argued before, this has a strong effect in the resulting curvature.
To make this more intuitive, consider a very steep AdS minimum and add an uplifting potential term. One might think that, since the AdS minimum is so steep, the uplift will not shift the value of the field and the contribution to ∆ from the AdS potential will not change. But this is incorrect: On the one hand, the AdS potential becoming steeper does indeed make the field shift smaller. But due to the very same steepness the uplift-effect on the derivative terms involved in ∆ (cf. e.g. (46) ) and hence on the curvature does not disappear. This is how the trace-reversed Einstein equation analysis recovers the simple-mined uplifting logic of the 4d potential approach.
Let us also show this explicitly. As already argued, eq. (49) still follows, even if we now start from (51) . We can hence still write
As before, we have rewritten the 10d expression (first line) in terms of the gaugino contributions to the 4d Einstein-frame potential (35) . In contrast to the previous subsection section, however, the first term in the last line no longer vanishes. The on-shell value T 0 of the Kahler modulus no longer coincides with the minimum of V λλ :
where V D3 (T ) is the D3-induced Einstein-frame potential given in (39) . Hence, evaluating (52) on-shell, we obtain
This is precisely the 4d KKLT value of the on-shell potential, including the uplift term (in Brans-Dicke frame).
The equivalence of the 4d and 10d approaches implies that the treatment of the 4d effective potential of KKLT can be reproduced by a 10d analysis. If the appropriate regime of parameters can be obtained in controlled string compactifications, this can lead to dS vacua. Whether such controlled constructions exist is what the dS swampland conjecture questions, but this analysis shows that they cannot be ruled out simply by the integrated 10d Einstein equation alone.
Note added
Work closely related to ours has appeared on the arXiv simultaneously [56, 57] . Like our paper, these analyses are concerned with the previously claimed inconsistency of KKLT due to the 10d description of gaugino condensation. Ref. [56] appears to share our conclusion that such a failure of KKLT is not to be expected. 14 By contrast, Ref. [57] finds different results and claims inconsistency with an uplift to de Sitter.
As far as we can see (cf. also version 2 of [57] ), the main difference comes from the treatment of the gaugino-condensate-dependent piece in the stress tensor appearing in the Einstein equations. We allow the derivative with respect to the external metric components g mn which defines the stress tensor to act on the internal-volume-dependence of the condensate λλ (see (19) or the T -derivative in (48)). By contrast, in [57] the value of λλ is simply inserted in the previously derived formula for the stress tensor.
Given this disagreement, we want to justify our treatment in some detail (see also [34] ): We start from the following symbolic form of the full 10d partition function:
Here φ stands for all fields with the exception of the metric, including specifically gauge fields, gauginos and 3-forms. Integrating out these matter fields, which is justified in particular because of the mass gap in the confining D7-brane gauge theory, one obtains
with
The last expression defines the effective matter action in a standard fashion.
We treat gravity classically, disregarding quantum fluctuations of the metric. The classical solution for g M N is, by definition, the geometry for which the first exponent in (56) is stationary. This clearly leads to Einstein equations
Now recall that L(g M N , φ) contains terms involving gaugino bilinears, e.g. the term ∼ G 3 λλ δ D7 and our proposed addition ∼ (λλ) 2 δ D7 . Following standard lore in SUSY gauge theories, we have
Dφ λλ e i L Dφ e i L = λλ ∼ e −aT .
Here λλ refers to the zero-mode of the D7-brane localized gaugino field and its condensate is hence independent of both internal and external D7-brane dimensions. Moreover, consistently with the treatment in [36] , we use the approximation f (λλ) ∼ f ( λλ ) ∼ f (e −2aT ). This leads to terms S ef f that derive from L via the replacement λλ → e −aT .
It is now clear that, through (57), these terms enter the Einstein equations exactly according to our approach: Their T -dependence and hence their g mn -dependence must be used already in the calculation of the stress tensor. Thus we believe that our treatment is appropriate.
Of course, this is only an approximation: Integrating out the confining gauge theory will induce many more terms in S ef f than just those arising from λλ → e −aT . This is analogous to integrating out matter fields in Casimir energy calculations, where in addition to the Casimir energy, one generates a series of higher-curvature terms. Similarly, by restricting attention to G 3 λλ δ D7 and (λλ) 2 δ D7 , we disregard such higher-order effects in the full 10d brane action.
Before closing this note, it is interesting to think what happens if one inserts the expression for S ef f from (56) in the energy momentum tensor of (57) and exchanges the order of G M N -differentiation and functional φ-integration. One obtains
where T M N is the classical stress tensor corresponding to L. Restricting attention to the terms in T M N which involve the gaugino bilinear and replacing λλ by e −aT in those corresponds to the treatment advertised in [57] . But, in our opinion, this is insufficient. Indeed, the fact that the UV gauge coupling (and hence the gaugino condensate) depend on the internal metric g mn is encoded in those terms of T M N which arise come from F 2 M N . Specifying how their presence in T M N contributes to T ef f M N should resolve the discrepancy between the two approaches. Our method of using S ef f is a shortcut allowing us to get the answer without doing such a new calculation, just based on standard results from SUSY gauge theories.
Conclusions
Many of the proposed constructions of metastable de Sitter vacua, such as the KKLT scenario [1] , involve the interplay of gaugino condensation on a D7-brane stack and an uplift by a positive tension object. As these constructions are defined in the 4d effective field theory, one may question whether there are obstructions in realizing them in 10d where the ultraviolet completion resides. Indeed, concerns have been raised using arguments that rely on the trace-reversed and integrated 10d Einstein equation [8, 9] . However, the analyses of brane gaugino condensation in [8, 9] are plagued by UV divergences, which may prevent one from extracting physically meaningful results. Recently, we proposed a 10d action for the D7-brane gauginos that is free of such UV divergences [6] . The perfectsquare structure of the gaugino action also reproduces the 4-fermion terms required by supergravity when compactified to four dimensions (see also [7] ).
Armed with our manifestly finite perfect-square brane gaugino action [6] , we give a critical assessment of the concerns raised in [8, 9] . We first relate an integrated 10d Einstein equation to the extremization condition for a 10d-derived 4d effective potential. The latter can be obtained by dimensionally reducing the 10d action including the perfect-square gaugino term. This effective potential is consistent with 4d supergravity and does not present obstacles for an uplifted minimum. Moreover, within standard approximations, we understand the uplift explicitly in one of the popular versions of the integrated 10d equation. Our conclusion is that de Sitter constructions of the KKLT type cannot be dismissed simply based on the integrated 10d equations considered so far.
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A Hodge decomposition theorem
where Ω r (M) and Harm r (M) are the set of r-form and harmonic r-form on a compact orientable complex manifold M of complex dimension m.
We are interested in the decomposition of Ω 3 δ D7 of a Calabi-Yau three-fold. The previous theorems guarantee the decomposition Ω 3 δ D7 = dα (2) + d † β (4) + γ (3) (62) = ∂ †β (1, 3) +γ Ω 3 ,
where X (r) represents an r-form, and we have used the fact that Ω 3 is the unique (0, 3)form on a Calabi-Yau threefold.
We can see that ∂ †β (1, 3) becomes
Here we have used that d = ∂ +∂, d † = ∂ † +∂ † , * : Ω r,s (M) → Ω m−s,m−r (M), and the fact that (1, 2)-forms are IASD and (0, 3)-forms are ISD. Now, from the uniqueness of the decomposition, we can see that dα (2) = i 2 d * β (1, 3) , d † β (4) = 1 2 d †β(1,3) , γ (3) =γ Ω 3 .
Therefore, the harmonic part of Ω 3 δ D7 is proportional to Ω 3 .
